Abstract: Blackouts in recent years have demonstrated that a reliable and secure power system is a key component of an efficient economy. Therefore control devices such as flexible AC transmission system devices (FACTS) are placed in the system and utilised to improve the security of the system. A method to determine appropriate settings for these devices is optimal power flow control. As the area of influence of a FACTS device is usually limited, it is sufficient to include only a reduced area in the optimisation problem. Here, such an optimal power flow problem is formulated where the considered area is defined using sensitivity analysis. To include N 2 1 security as an objective, a current injection method is applied, which facilitates the determination of the system state in the case of a line outage, without having to carry out a full-load flow simulation.
Introduction
The overall goal of the power supply industry is to assure continuous access to electrical power of desired quality for all their costumers. In this regard, a reliable power system is indispensable. Consequently, considerable efforts are put into improving the system security of which a fundamental aspect is the consideration of possible outages and the minimisation of their consequences.
To avoid major harmful incidents, preventive and corrective actions are important. Preventive actions are used to keep the system in a state where an outage in the system does not lead to cascading failures possibly resulting in a blackout, and corrective actions come into play when a failure has happened and has to be mitigated. This paper concentrates on preventive actions by formulating an optimal power flow problem [1] to determine the optimal settings of the control devices with the objective to ensure N 2 1 security.
A system is N 2 1 secure if any element in the system may fail without overloading any other element [2] . Here, the focus lies on line outages and the prevention of overloaded lines. When a line fails, the state of the system changes and in order to investigate N 2 1 security, this state has to be determined. One possibility is to carry out power flow simulations for every considered outage. For system studies, this is an adequate procedure but if N 2 1 security should be included as an objective into an optimal power flow problem, this results in a considerable increase in decision variables and constraints. Another option is to apply a current injection method where a line outage is simulated by the introduction of current injections at the buses of the system [3, 4] . For the determination of these current injections, and, consequently, the voltages and currents in case of an outage, only the initial system state before the outage is needed.
An additional aspect which is discussed in this paper is the formulation of the optimal power flow problem for a reduced area of the power system [5] . The motivation for this is that the influence of a control device generally decreases with the distance from the device. Hence, in principle only the area on which the device has significant influence has to be taken into account in the optimisation problem; the rest of the system can be neglected. If N 2 1 security is an objective, also the method applied to determine the state of the system in case of an outage has to be adapted.
The paper is organised as follows: first, the optimal power flow problem for the overall system is formulated. Based on this, Section 3 gives the derivation on how to confine the optimal power flow problem to a limited area. In Section 4, the concept of the applied current injection method as derived in [6] is recapitulated. Section 5 modifies the current injection method to allow for an application in a limited area. Finally, simulation results are given in Section 6 and conclusions are drawn in Section 7.
Optimal power flow control
Optimal power flow control is utilised to determine the optimal values of the available control variables with respect to an objective function f (x) and subject to equality and inequality constraints g(x) and h(x) [1, 7] . In principle, it corresponds to formulating and solving the optimisation problem
The decision variables x are composed of the control variables u, the state variables z and the slack variables s. In this paper, the state variables are the voltage magnitudes V i and angles u i for all the buses i [ {1, . . . , n B }, where n B is the number of buses in the system. The control variables are the set values of the FACTS devices placed in the system, for example, a variable susceptance B SVC shunt-connected to the system for an SVC, a variable reactance X TCSC in series with the line for a TCSC and a transformer with a phase shift of w PST for a TCPST [8, 9] .
The equality constraints correspond to the power flow equations [10] . The major objective is to avoid overloads of lines in the base case when all lines are in operation as well as in cases when a line j is faulted. This is accomplished by formulating soft inequality constraints [Note 1]
where the slack variables s ik and s j ik are heavily penalised in the objective function to give a strong incentive to keep the line currents I ik below their limits I ik,lim .
Additional objectives are the minimisation of active power losses and the minimisation of the voltage deviations from specified reference values. The objective function is therefore given by
where the set I denotes all (i, k), i [ {1, . . . , n B }, k [ {1, . . . , n B } for which there is a line between buses i and k. For each (i, k) [ I , P ik,loss (Á) is the active power loss of the line and V i,ref is the reference value for the voltage at bus i. The weighting parameters n V , n I and n P are chosen with respect to the desired importance of each term. In this paper, the most important objective is to keep the system N 2 1 secure followed by improving the voltage profile and finally reducing active power losses.
The set of outages which are taken into account is denoted by O crit . These are the critical line outages, that is, outages for which overloading of certain other lines have to be expected [11] . A systematic way to determine the critical line outages is to carry out system studies for all possible line failures. If for a certain line failure any other line is overloaded, this line failure, consequently, is a critical outage. However, as the power system operators typically are able to list the critical outages because of their longterm experience with the system, extensive system studies can often be omitted.
Limited area control
Control devices in power systems have often only significant influence on a certain area around the device. For the rest of the system, the influence is negligible. The conclusion is that not the entire system has to be included in the formulation of the optimal power flow problem, but it is sufficient to include the area on which the device has significant influence [5] .
The first step is to find the area of influence of the considered device. This is accomplished by sensitivity analysis [12, 13] , where the sensitivity K yÀu of a system variable y with respect to a control variable u corresponds to
As this is a measure for the influence of u on y, it can be used to determine the area of influence of a device: if the sensitivity of the voltage at a bus with respect to the control variable is larger than a certain pre-specified limit, then this bus is included in the area. Similarly, if the sensitivity of the power flow on a line exceeds a certain limit, it is part of the area.
The sensitivities and, consequently, the resulting area of influence are to some extent dependent on the working conditions. Most often the areas differ by a few buses and lines. A practical approach to determine a reasonable area of influence for all situations is to identify typical loading situations and choose the area as a combination of the areas of influence derived from these loading situations. Generally, the area of influence includes the buses and lines that are close to the location of the control device.
Having defined the area, the optimal power flow problem confined to this area is formulated. The decision variables, the equality and inequality constraints are reduced to variables and constraints associated with buses and lines within the area, and only terms are taken into account in the objective function, which are associated with these buses and lines.
However, further consideration is needed for the buses at the border of the area. The formulation of the power balances at these buses will result in equations which are dependent on voltages at buses outside of the area, that is, variables that are not state variables any more. Therefore the border buses are turned into a kind of slack buses, where the influence of the FACTS device on the voltage magnitude V i and angle u i is determined using sensitivity values. Hence, the adapted power flow equations for such a bus i are given by
where V 0 i and u 0 i are the voltage magnitude and angle with the set point of the FACTS device equal to zero. For an accurate determination of V i and u i , it has to be taken into account that the sensitivities (9) are not constant over the range of the FACTS device but dependent on its actual setting. Hence, second-order polynomials
are used to incorporate the dependency of K yÀu on u, and K V i Àu andK u i Àu are equal to the average value of the sensitivities K V i Àu and K u i Àu at the initial point where the FACTS device is set to zero and the considered set point for u [14] . The same approximations will be used in Section 5 for the determination of the load flow in the limited area in case of a line failure.
Current injection method
The idea of current injection methods is to simulate a change in the system state by introducing current injections at the buses of the system [3, 4] . Equations are formulated and solved to find the values of the current injections enabling the direct derivation of the new system state.
A possible application is the determination of the system state in case of a line outage. The current injection method described in this paper is an extension of a basic method presented in [3] . To simulate the outage with the state before the outage as the initial situation, two types of current injections are introduced: I S , only non-zero at the ends of the faulted line, compensates the current on the actually faulted line [3] and I T is used to adapt the bus currents such that the power flow equations are fulfilled [6, 11] . Fig. 1 visualises the method. On the left-hand side, the situation with an outage of line (l , p) is shown, whereas the right-hand side shows the situation with the grid topology before the fault but with additional injection currents. The currents I S cancel out the virtual current on line (l , p), whereas I T correspond to the changes in the currents injected by the generators or drawn by the loads to fulfill the power flow equations.
The starting point for the derivation of the equation system to find the values of the injection currents is the relation between the bus voltages V 0 and bus currents I 0 in the initial system state given by
where Z 0 is the bus impedance matrix for the non-faulted grid topology. The according relation for the case with a line outage is
where V F and I F are the bus voltages and currents in the faulted situation and Z F is the adapted bus impedance matrix.
The injection currents I T correspond to the changes in the bus currents caused by the line outage, and thus www.ietdl.org
On the other hand, the currents I S are used to compensate for the currents flowing on the line that is actually faulted. This results in the equation
Consequently, the changes in the bus voltages caused by the line outage are
and the changes in the line currents are
where Y L is the line admittance matrix of the situation without fault and D is the matrix of distribution factors reflecting the influence of the injection currents on line currents.
Because the injection currents I S are used to cancel out the virtual current on the actually faulted line (l , p), the following equations have to hold
where DI lp corresponds to the element in DI line associated with line (l , p) and I lp,0 is the initial current before the fault. The notation D (lp,p) indicates the element in the row associated with line (l , p) of column p in matrix D and I S l the lth element in the current injection vector. These equations basically state that the currents I S injected at the buses adjacent to the faulted line have to be equal to the virtual currents on this line, also taking into account the changes in the line currents introduced by the injection currents I S themselves and I T .
Additional equalities result from the power flow equations, which are dependent on the type of the considered bus. In the following derivations, a single index added to a matrix corresponds to the row in the matrix given by this index, and an index added to a vector indicates the element at this index, that is, Z 0 i is the ith row of matrix Z 0 and V F i is the ith element in vector V F .
The equations for bus i are given as follows. † Slack bus: Voltage angle as well as voltage magnitude stay unchanged and hence
and taking the square on both sides
For the active power injection, the equation is
† PQ bus with load: Here, the active and the reactive power injections are pre-defined which is expressed by
(25) † PQ bus without load: The injection currents for these buses are zero and, hence
As the quadratic terms of I T in (23) 
Hence, the elements in A ic are equal to the factors with which I T and I S are multiplied in (19) -(26) and b ic corresponds to the constant terms. Both are functions of the elements in V 0 , I 0 , Z 0 and Z F .
To minimise the deviations from the exact values, the injection currents obtained by solving (27) can be adapted by applying an additional correction step [11] . The equation system taking into account also the quadratic terms is defined by
An improved solution I ic,cor for the injection currents results if first I ic is determined from (27), and then the term 6 is evaluated and used as a correction term in
to solve for I ic,cor .
Either way, carrying out the correction step or not, having finally determined the values for the injection currents, the changes in bus voltages and line currents can easily be calculated by (17) and (18).
When the presented current injection method is included into the optimal power flow problem, where the elements in the matrices A ic , A ic,2 and vector b ic are functions of the state variables, the additional computation effort should not be underestimated. A way to reduce the computational effort is to set the elements in I T associated with buses, where the change in the bus current induced by the line outage is expected to be small to zero. This principally corresponds to decreasing the dimension of the equation in (27). The identification of the buses for which the change in the bus current is negligible can be done offline.
An advantage of using the current injection method to include N 2 1 security in an optimal power flow problem is that the current injections and therefore also the voltage and bus currents, in case of a line outage, can explicitly be given as a function of the decision variables in the base case.
Reduction to a limited area
In the limited area control introduced in Section 3, the optimal power flow problem is defined for a reduced area. The influences of the FACTS devices on the voltage magnitudes and angles at the border buses are approximated using sensitivity values, yielding a new type of bus in addition to the commonly used slack, PV and PQ buses. For the determination of the injection currents I T , equations in the line with (21) -(26) have to be formulated for this type of bus.
Assuming a single device and applying (10) and (11), the voltage magnitude and angle at the border bus i for the faulted situation are given by
where V F i ,0 and u F i ,0 are the voltage magnitude and angle in case of the considered outage j but with FACTS device setting equal to zero, andK
Àu are the corresponding sensitivity polynomials. The identification of V F,0 and u F,0 and the parameters for the sensitivity functions can be done offline, that is, independent of the optimisation. Therefore the voltages for all considered outages and also the required sensitivity values are determined beforehand. The equation for a border bus i in the current injection method then follows as
The accuracy of the results obtained from the current injection method applied to a reduced area depends on the combination of the considered line outage and the chosen area. If the accuracy is unsatisfactory, a remedy is to adapt the area. Such situations arise most often when the reduced grid is radial and an outage yields two disconnected grids. As realistic grids are generally highly meshed, this should not be an issue. However, if necessary, lines and buses can be added, which close the ring.
A modification of the current injection method for a limited area, which possibly improves accuracy, is to assume that the faulted line is not included in the area and to turn both buses at the ends of this line into border buses. Consequently, there is no need for the injection currents I S and (19) and (20). As the buses at the ends of the faulted line are now border buses, (32) is formulated for these buses instead of the according equations in (21) -(26).
This implies that the sensitivity valuesK www.ietdl.org
For a clear distinction between the method where injection currents I S are used and the modified version where these currents are omitted, the first option is denoted as procedure A and the latter as procedure B.
Simulation results
In this section, simulation results for the derived methods applied to the IEEE 57 bus system (with an additional generator at bus 30) are presented. First, the accuracy of the current injection method applied to reduced areas is evaluated, and then the method is used to guarantee N 2 1 security employing optimal power flow control. The implementation is done in MATLAB.
Application to reduced area
In the following, results obtained by applying the current injection method to a reduced area are discussed. Both approaches A and B described in Section 5 are applied for different types of FACTS devices. The areas are determined by sensitivity analysis and extended such that islanding only considering the limited area is avoided in case of any line outage. The considered devices, their location and the buses (B.) and lines (L.) within the area are given in Table 1 . The chosen set value for the SVCs is 0.3 p.u., for the TCSCs 80% capacitive compensation of the line where it is placed, and for the TCPSTs 88 phase shift.
For each of these scenarios, the currents for all possible line outages, inside as well as outside of the area, are determined and the results are compared with the exact values obtained from a full load flow calculation. The interesting values per outage are the average deviation over all lines and the maximal deviation on a single line. Table 2 contains an overview of the results. The notations have the following meanings: † Approach A/B: States if approach A or B is used according to the derivations in Section 5 (if the faulted line is not included within the area, both approaches are the same). † w/o/with correction: Indication if the correction step is applied. † Maximum: Gives the three outages (out) with the largest maximal errors (value) and the line on which this error occurs (line). If the number of the faulted line is written in italics, this indicates that this line is not included in the reduced area. † Aver.: Gives the average error over all included lines for the considered outage (out).
The application of the current injection method for reduced areas yields in most of the cases very accurate values for the line currents. In addition, the correction step decreases the maximal as well as the average deviations Table 1 Buses (B.) and lines (L.) for the cases where the current injection method for reduced areas is applied from the exact values significantly. In most of the considered scenarios, the maximal errors do not exceed 0.035 p.u. without the correction step and 0.02 p.u. with the correction step. The decrease with the correction step is often more than 50%. The reason for the comparably large deviations for the case with the TCSC in line 23 with approach A can be explained by the fact that the slack generator is placed at bus 1 and a failure of line 1 or 2 results in large injection currents at the adjacent buses. This leads to larger quadratic terms that are neglected if no correction step is applied. The situation for the other considered cases and generally with approach B is different as lines 1 and 2 are not included in the area of influences, and the influence of a possible outage is taken into account by border buses.
For most of the cases, the incorporation of the correction term yields significantly improved results. However, especially approach B sometimes suffers from the inaccuracies introduced by the approximation of the voltage magnitudes and angles by sensitivity values at the border of the area or at the ends of the faulted line. In such cases, the correction step is not of much use. For example, the reason why the errors in the scenario with the SVC at bus 36 cannot be decreased any further applying the correction step is that for an outage of line 49 or 50, the SVC has extremely large influence on one of the buses at the end of the faulted line and the error in the approximation using sensitivities cannot be compensated by the correction step.
The general conclusion is that the current injection method yields satisfactory results even applied to a reduced area. However, it is important that after the determination of the limited area by sensitivity analysis, an additional analysis is carried out to adapt the area such that satisfying results for all considered outages are obtained.
Optimal power flow control
Incorporated into an optimal power flow problem, the current injection method is able to ensure N 2 1 security. However, before applying the optimal power flow control, the following steps should be carried out 1. Determine the critical outages O crit for which other lines are expected to be unacceptably highly loaded.
2. For each of the outages j in O crit , identify the lines I j which are overloaded or at risk to be overloaded.
3. Check the accuracy of the extended current injection method for the critical outages O crit and the according lines I j . The critical outages for the test system and chosen line limits are outages of lines 8, 60 and 66. In Table 3 , the lines that are overloaded or at risk to be overloaded as a consequence of these outages are listed. An outage of the line where the FACTS device is located or generally an outage of the control devices is not considered here as this leads to a non-controllable system.
A situation is considered where a TCSC is placed in line 72 and approach A for the reduction of the current injection method to a limited area is used. The resulting area for this case is given in Fig. 2 . The critical outages are highlighted in the figure.
The next step is to check the accuracy of the current injection method for the reduced area. For this purpose, the TCSC is set to 70% capacitive compensation, and the values for the line currents obtained from the reduced current injection method with a correction step are compared with the exact values. The maximal absolute error over all three outages is 2.4 Â 10 24 p.u., which indicates a high accuracy.
To find the solution of the optimisation problem, the solver fmincon in MATLAB is used and the results are double-checked with snopt in TOMLAB [15] . Equations (17), (18), (27) and (29) are directly implemented in the constraint file for each critical outage but only the final inequality constraints (5) are included in the constraint set h(x). The weighting parameters in (8) are set to n V ¼ 1, n I ¼ 5 and n P ¼ 0:2.
The set value for the TCSC obtained from the optimal power flow control is 20.1015 p.u. As the TCSC mainly Fig. 3 . Hence, the usage of the FACTS device yields an N 2 1 secure system.
Conclusion
In this paper, a control based on optimal power flow to ensure N 2 1 security with respect to line faults is presented. To avoid an increase of the number of decision variables, a current injection method is used to determine the system state in a faulted situation. In addition, it is taken into account that the influence of a control device is limited to the area in its vicinity by confining the optimal power flow problem to the area of influence determined by sensitivity analysis. The simulation results for the IEEE 57 bus grid show that the current injection method reduced to a limited area gives accurate results and that it can be used to improve the security of the system.
